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Flow of chymeIn the present article we have analyzed the Jeffrey ﬂuid model for the peristaltic ﬂow of chyme in the
small intestine. We have formulated the problem using two non-periodic sinusoidal waves of different
wavelengths propagating with same speed c along the outer wall of the tube. Governing equations for
the problem under consideration have been simpliﬁed under the assumptions of long wavelength and
low Reynolds number approximation (such assumptions are consistent since Re (Reynolds number) is
very small and long wavelength approximation also exists in the small intestine). Exact solutions have
been calculated for velocity and pressure rise. Physical behavior of different parameters of Jeffrey ﬂuid
has been presented graphically for velocity, pressure rise, pressure gradient and frictional forces. The
trapping phenomenon is also discussed at the end of the article.
 2013 The Authors. Published by Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
Peristalsis is a radially symmetrical contraction of muscles
which propagates in a wave down themuscular tube. In biomedical
sciences, the peristalsis is found in the contraction of smooth mus-
cles to propel contents through the digestive tract. Earthworms use
a similar mechanism to drive their locomotion. In most of the gas-
trointestinal tract, smooth muscles contract in a sequence to pro-
duce a peristaltic wave which forces a ball of food (called a bolus
while in the esophagus and gastrointestinal tract and chyme in
the stomach) along the gastrointestinal tract. Peristaltic movement
is initiated by circular smooth muscles contracting behind the
chewed material to prevent it from moving back into the mouth,
followed by a contraction of longitudinal smooth muscles which
push the digested food forward. Some important studies which de-
scribed the peristaltic ﬂows are deﬁned in the Refs. [1–6].
Chyme is the semiﬂuid mass of partly digested food expelled by
the stomach into the duodenum. In other words, chyme is a par-
tially-digested food. It is the liquid substance found in the stomach
before passing through the pyloric valve and entering the duode-
num. It results from the mechanical and chemical breakdown ofa bolus and consists of partially digested food, water, hydrochloric
acid, and various digestive enzymes. Chyme slowly passes through
the pyloric sphincter and into the duodenum, where the extraction
of nutrients begins. Depending on the quantity and contents of the
meal, the stomach will digest the food into chyme anywhere be-
tween 40 min and a few hours. Once processed and digested by
the stomach, the milky chyme is squeezed through the pyloric
sphincter into the small intestine. Once past the stomach a typical
peristaltic wave will only last for a few seconds, traveling at only a
few centimeters per second. Its primary purpose is to mix the
chyme in the intestine rather than to move it forward in the intes-
tine. Through this process of mixing and continued digestion and
absorption of nutrients, the chyme gradually works its way
through the small intestine to the large intestine. Peristaltic ﬂow
of chyme in the small intestine has been discussed by [7–15].
The magnetohydrodynamic (MHD) peristaltic ﬂow of a ﬂuid is
of interest in connection with certain problems of the movement
of conductive physiological ﬂuids e.g. the blood and blood pump
machines etc. Recently, Srinivasacharya et al. [16] studied the
inﬂuence of wall properties on peristalsis in the presence of mag-
netic ﬁeld. Nadeem and Anwar [17] discussed the MHD ﬂow of a
viscous ﬂuid on a non-linear porous shrinking sheet by the Homot-
opy analysis method. The peristaltic ﬂow of micropolar ﬂuid in a
ﬂexible tube with viscoelastic is studied under the effect of mag-
netic ﬁeld and rotation by Abd-Allaa et al. [18]. See some more re-
lated articles related to the topic in Refs. [19–22].
In view of the above, importance of peristaltic ﬂow of chyme in
the small intestine, we have studied the Jeffrey ﬂuid model for the
Fig. 1. Geometry of the problem.
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lated the problem using two non-periodic sinusoidal waves of dif-
ferent wavelengths propagating with the same speed c along the
outer wall of the tube. Governing equations for the problem under
consideration have been simpliﬁed under the assumptions of long
wavelength and low Reynolds number approximation. Exact solu-
tions have been evaluated for velocity and pressure rise. Physical
behavior of different parameter of Jeffrey ﬂuid has been presented
graphically for velocity, pressure rise, pressure gradient and fric-
tional forces.
2. Mathematical formulation
We have considered the peristaltic ﬂow of chyme in the small
intestine for Jeffrey ﬂuid. Flow of chyme is bounded at the outer
boundary by the small intestine and at the inner boundary by in-
serted concentric tubes. We have formulated the problem of peri-
staltic ﬂow of chyme for Jeffrey ﬂuid by assuming that the
peristaltic wave is formed in a non-periodic mode composing of
two sinusoidal waves of different wavelengths propagating with
the same speed c along the outer wall of the tube.
Geometry of the wall surface is deﬁned as
HðZ;tÞ ¼ a0 þ a1 sin 2pk ð
Z  ctÞ þ a2 sin 2pr ð
Z  ctÞ; ð1Þ0 1 2 3 4 5 6
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Fig. 2. (a) Pressure rise, (b) frictional force for inner tube, (c) frictional force forwhere a0 is the radius of the outer tube, a1 and k are the amplitude
and the wavelength of ﬁrst wave, a2 and r are the amplitude and
the wavelength of the second wave, c is the wave speed and t is
the time. We are considering the intestine so the cylindrical coordi-
nate system has been taken into account.
The constitutive equation for the extra stress tensor S in Jeffrey
ﬂuid is deﬁned by [7]0 1 2 3 4 5 6
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outer tube, versus ﬂow rate for /2 ¼ 0:2; c ¼ 0:4; d ¼ 0:4; k1 ¼ 0:4; M ¼ 0:4.
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Fig. 3. (a) Pressure rise, (b) frictional force for inner tube, (c) frictional force for outer tube, versus ﬂow rate for /1 ¼ 0:01; c ¼ 0:4; d ¼ 0:4; k1 ¼ 0:4; M ¼ 0:4.
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1þ k1 ð
_cþ k2 cÞ: ð2Þ
In the above equation, k1 is the ratio of relaxation to retardation
times, _c (vector quantity) the shear rate, k2 the retardation time
and dots denote the differentiation with respect to time.
Introducing a wave frame ðr; zÞ moving with velocity c away
from the ﬁxed frame ðR; ZÞ by the transformation
r ¼ R; z ¼ Z  ct; ð3aÞ
u ¼ U; w ¼ W  c; ð3bÞ
where ðu; wÞ and ðU; WÞ are the radial and axial velocities in the
wave and laboratory frames respectively.
We have utilized the following non-dimensional quantities
R¼
R
a2
; r¼ r
a2
; Z¼
Z
k
; z¼ z
k
; W ¼
W
c
; w¼ w
c
; U¼ k
U
a2c
; u¼ ku
a2c
;
P¼ a
2
2
P
ckl
; t¼ c
t
k
; d1¼ a2k ; Re¼
qca2
l
; r1¼
r1
a2
; h¼
h
a2
; e¼r1
k
;
/1¼
a1
r1
; /2¼
a2
r2
; c¼ kl ; d¼
a0
r1
:
ð4Þ
After using the Eqs. (2), (3a), (3b), (4) we have the follow-
ing system of equation under the assumptions of long wave-
length (long wavelength d1 ¼ a2=k which is a ratio of wave
amplitude a2 and wavelength k). It can be seen through
Fig. 1 that wave amplitude is very small as compared to wave-
length so ratio become very small so it is justiﬁed physicallyto neglect the term in the small intestine which are multiple
of d1Þ and low Reynolds number (this gives a measure of the
ratio of inertial forces to viscous forces. We are considering
laminar ﬂow and in such ﬂow viscous forces are highly dom-
inant than inertial forces, as such extremely low Reynolds
numbers occur that can be negligible in such ﬂow analysis
such as ﬂow in the small intestine). For more detail of the
above analysis see refs. [10,11]
@u
@r
þ u
r
þ @w
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¼ 0; ð5Þ
0 ¼ @P
@r
; ð6Þ
0 ¼  @P
@z
þ 1
r
@
@r
r
1þ k1
@w
@r
  
M2ðwþ 1Þ; ð7Þ
Relevant boundary conditions are
w ¼ 1; at r ¼ d; ð8aÞ
w ¼ 1; at r ¼ h ¼ 1þ /1 sinð2pzÞ þ /2 sinð2pczÞ: ð8bÞ3. Exact solution
Solving Eqs. (6) and (7) subject to the boundary condition Eqs.
(8a) and (8b) we obtain the expression for velocity proﬁle and
the pressure gradient can be written as follows
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Fig. 4. (a) Pressure rise, (b) frictional force for inner tube, (c) frictional force for outer tube, versus ﬂow rate for /1 ¼ 0:01; c ¼ 0:4; d ¼ 0:4; k1 ¼ 0:4; M ¼ 0:4.
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The corresponding stream function can be evaluated using
u ¼ 1
r
@w
@z
; v ¼ 1
r
@w
@r
: ð11Þ
Flow rate in dimensionless form can be deﬁned as
q ¼ Q  pð< h2 > d2Þ; ð12Þwhere
< h2 >¼
Z 1
0
ðh2Þdz:
The pressure rise DP and friction force F on inner and outer
tubes Fð0Þ; FðiÞ; are calculated as follows
DP ¼
Z 1
0
dP
dz
dz; ð13Þ
Fð0Þ ¼
Z 1
0
d2  dP
dz
 
dz; ð14Þ
FðiÞ ¼
Z 1
0
h2  dP
dz
 
dz; ð15Þ
where dPdz is deﬁned in Eq. (10).4. Graphical results and discussion
In this section, we have presented the graphical results and the
physical interpretation of different parameters involved in solu-
tions. The expressions for pressure rise and frictional forces are cal-
culated numerically using a mathematical software. The pressure
rise DP versus ﬂow rate Q for different values of Jeffrey ﬂuid
parameter k1; amplitude of wave one /1, amplitude of wave two
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Fig. 5. (a) Pressure rise, (b) frictional force for inner tube, (c) frictional force for outer tube, versus ﬂow rate for /1 ¼ 0:3; c ¼ 0:4; d ¼ 0:4; /2 ¼ 0:4; M ¼ 0:4.
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between the two waves c are plotted in Fig. 2(a) to Fig. 7(a). It is
observed that with an increase in amplitude of wave 1/1 and Jef-
frey ﬂuid parameter k1; magnetic ﬁeld M and radius of the inner
tube d the pressure rise increases while pressure rise decreases
with an increase in amplitude of wave two, /2 and wavelength ra-
tio between the two waves c. Moreover, peristaltic pumping region
is 0 6 Q 6 4:5 for Figs. 1, 2 and 4 while for Fig. 3 peristaltic pump-
ing region is 0 6 Q 6 0:1:. Peristaltic pumping region for Fig. 5 is
0 6 Q 6 5 and for Fig. 6 peristaltic pumping region is 0 6 Q 6 2;
otherwise there is augmented pumping. Moreover it is seen that
magnetic ﬁeld highly inﬂuences the peristaltic ﬂow problem. It
could be seen through ﬁgures that large peristaltic pumping region
occurs with an increase in magnetic ﬁeld. To see the effects of fric-
tional forces for inner and outer tubes we have plotted Fig. 2(b and
c) to Fig. 7(b and c). It is observed that frictional forces have an
opposite behavior as compared to the pressure rise for both inner
and outer tubes.
Fig. 8(a–e) are prepared to see the variation of pressure gradient
for different values of Jeffrey ﬂuid parameter k1; amplitude of wave
one /1; amplitude of wave two /2; magnetic ﬁeld M, and wave-
length ratio between the two waves c. It is observed from the ﬁg-
ures that for ze½0;0:5 and ½1:1;1:5; the pressure gradient is small
and large pressure gradient occurs for ze½0:51;1. Moreover, it is
seen that with an increase in /1, k1M; c and /2, pressure gradient
increases. It is also predicted that pressure gradient highly in-
creases with an increase in magnetic ﬁeld as compared to the other
parameters.Streamlines are a family of curves that are instantaneously tan-
gent to the velocity vector of the ﬂow. These show the direction a
ﬂuid element will travel in at any point of time. Trapping phenom-
enon which is an interesting phenomenon in the peristaltic litera-
ture, formed due to the circulation of streamlines has been
discussed for different values of Jeffrey ﬂuid parameter k1; mag-
netic ﬁeld M, and wavelength ratio between the two waves c. It
is observed from Fig. 9 that the number of the trapping bolus in-
creases with an increase in Jeffrey ﬂuid parameter k1; while the
size of trapped bolus decreases. Effects of magnetic ﬁeld M, on
streamlines can be seen through Fig. 10 as magnetic ﬁeld is a ﬁeld
of force produced by moving electric charges, by electric ﬁelds that
vary in time, and by the intrinsic magnetic ﬁeld of elementary par-
ticles associated with the spin of the particle, with the increase in
magnetic ﬁeld the size of the trapped bolus decreases while num-
ber of trapped bolus increases. Fig. 11 presents the streamlines for
wavelength ratio between the two waves c, it is seen through the
ﬁgure that with an increase in c number of trapped bolus increases,
while the size of tapping bolus decreases.
5. Conclusion
The Jeffrey ﬂuid model for peristaltic ﬂow of chyme in the small
intestine with magnetic ﬁeld has been analyzed. It is observed that
with an increase in amplitude of wave 1 /1 and Jeffrey ﬂuid param-
eter k1, magnetic ﬁeld M, radius of inner tube d pressure rise in-
creases while pressure rise decreases with an increase in
amplitude of wave two, /2 and wavelength ratio between the
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N.S. Akbar et al. / Results in Physics 3 (2013) 152–160 159two waves c. Moreover it is seen that magnetic ﬁeld highly inﬂu-
ences the peristaltic ﬂow problem. It could be seen through ﬁgures
that large peristaltic pumping region occurs with an increase in
magnetic ﬁeld. It is analyzed that for ze½0; 0:5 and ½1:1;1:5; the
pressure gradient is small and large pressure gradient occurs for
ze½0:51;1. It is also seen that with an increase in /1, k1;M; c and
/2, pressure gradient increases, it is also predicted that pressure
gradient highly increases with an increase in magnetic ﬁeld as
compared to the other parameter. It is observed that the number
of the trapping bolus increases with an increase, Jeffrey ﬂuid
parameter k1, magnetic ﬁeld M, and wavelength ratio between
the two waves c, while size of tapping bolus decreases with an in-
crease in k1;M and c.
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